Topological defects (TDs) in crystal lattices are elementary lattice imperfections that cannot be removed by local perturbations, due to their real space topology. We show that adding TDs into a valley photonic crystal generates a lattice disclination that acts like a domain wall and hosts topological edge states. The disclination functions as a freeform waveguide connecting a pair of TDs of opposite topological charge. This interplay between the real-space topology of lattice defects and band topology provides a novel scheme to implement large-scale photonic structures with complex arrangements of robust topological waveguides and resonators.
Topological defects (TDs) in crystal lattices are elementary lattice imperfections that cannot be removed by local perturbations, due to their real space topology. We show that adding TDs into a valley photonic crystal generates a lattice disclination that acts like a domain wall and hosts topological edge states. The disclination functions as a freeform waveguide connecting a pair of TDs of opposite topological charge. This interplay between the real-space topology of lattice defects and band topology provides a novel scheme to implement large-scale photonic structures with complex arrangements of robust topological waveguides and resonators.
I. INTRODUCTION
The field of topological photonics [1] , which has emerged over the past decade, seeks to use ideas from topological band theory [2] to realize photonic modes that are protected against various forms of disorder. Possible applications for this new class of photonic devices are still being explored, and may include robust waveguides and delay lines [3] [4] [5] [6] [7] , frequency converters [8, 9] , and lasers [10] [11] [12] [13] [14] [15] . A key challenge to finding practical uses for topological photonic modes is that they are typically only robust against specific types of disorder. For example, photonic crystals based on valley Hall insulators [6, [16] [17] [18] and topological crystalline insulators [19, 20] have been intensively studied, particularly in the nanophotonic regime, because they can be implemented using ordinary dielectric or metallic materials. Since their topological features are tied to the presence of an underlying lattice symmetry, their topological edge states are only protected against backscattering in certain configurations (e.g., 120 • bends in valley photonic crystal edges [16] ), whereas other configurations can induce backscattering and mode localization.
Topological defects (TDs) in crystal lattices are elementary lattice imperfections that cannot be removed by local perturbations, due to their real space topology [21] . In condensed matter systems, TDs are responsible for many interesting effects, including acting as seeds of disorder in the melting of two-dimensional (2D) solids [22] . Honeycomb lattices, such as graphene, host a particularly notable class of TDs consisting of five-and sevenmembered rings, which act upon 2D Dirac cone states like singular matrix-valued gauge fields carrying π/2 magnetic flux [23] [24] [25] [26] [27] . Experimental evidence of these electronic features has proven difficult to obtain, due in part to challenges in sample preparation [26, [28] [29] [30] [31] . Such difficulties can be overcome by photonic structures, which can realize many phenomena that are hard to observe in * blzhang@ntu.edu.sg † yidong@ntu.edu.sg condensed matter settings. For example, photonic honeycomb lattices ("photonic graphene") have been shown to exhibit unconventional edge states that are difficult to stabilize in real graphene [32] . The aforementioned physical effects of TDs, however, have yet to be explored on photonic platforms.
Here, we present a theoretical and experimental study of topologically protected waveguiding aided by TDs in valley photonic crystals (VPCs). In honeycomb lattices with broken sublattice symmetry, TDs are the termination points of disclinations-string-like lattice defectsthat cannot be gauged away [27, 33] . We show that these disclinations are locally equivalent to domain walls of Valley Hall insulators [6, 16, 17] and thus function as robust topological edge state waveguides [1] .
TDs supply a novel and interesting relationship between topological features and edge states that is completely different from the usual bulk-edge correspondence principle. They carry topological charges in real space (negative for pentagonal TDs, positive for heptagonal TDs) that stem from the configuration of the lattice instead of bandstructure features defined in momentum space. Positive and negative TDs are joined pairwise by disclinations hosting edge states; but unlike standard VPC domain walls, one can go smoothly from one domain to the other by encircling a TD without crossing the disclination. This feature requires the presence of TDs and does not occur in perfectly crystalline VPCs. The disclinations can follow curved paths and are not restricted to any global axes [16, 17] . They are also not limited to forming loops or ending at external boundaries, and can form open arcs (bounded by the TDs) that act as one-dimensional (1D) Fabry-Pérot resonators based on counterpropagating topological edge states.
Previous research has shown that amorphous photonic structures (which possess short-range positional order without long-range order) can exhibit isotropic photonic band gaps, and can be inscribed with freeform curved waveguides [34] [35] [36] [37] [38] [39] [40] . A key limitation of such waveguides is that, as 1D disordered transport channels, they are highly susceptible to Anderson localization [41] , making it necessary to perform structural fine-tuning to opti-mize the localization lengths of the waveguide modes [40] . We show that the present disclination-based waveguides display much greater resistance against Anderson localization, without structural fine-tuning, thanks to their connection to Valley Hall edge states [1, 16] . Smooth curves in the waveguide act like large-scale impurities, while sharper bends can be implemented using local 120 • bends, both of which induce negligible inter-valley scattering and hence preserve the topological protection of the edge states [16] . Unlike earlier demonstrations of topological waveguiding in amorphous or quasicrystalline lattices [42, 43] , the present VPC-based design does not require breaking time-reversal symmetry.
II. TOPOLOGICAL DEFECTS IN PHOTONIC LATTICES
Consider the honeycomb lattice shown in Fig. 1(a) . The red and blue circles represent the A and B sublattices, which have on-site masses m A = −m B = m. As shown in Fig. 1(b) , by deleting the π/3 sector marked by the dashed lines and reattaching the seams, we can generate a pentagonal TD, which features a five-membered ring [23] . Likewise, inserting an additional π/3 sector yields a heptagonal TD, as shown in Fig. 1(c) . Each topological defect is attached to a string disclination, marked by the gray dashes in Fig. 1 (b)-(c). On opposite sides of the disclination, sites of the same sublattice are nearest neighbors, whereas all other nearest neighbor pairs occupy different sublattices.
When m = 0, the disclination is ficticious in the sense that it can be moved around freely, so long as it terminates at the topological defect, by adjusting the assignment of sites to the A and B sublattices. In the continuum limit, the states of the honeycomb lattice are described by a pair of Dirac cones. The introduction of a TD imposes a disclination associated with a nontrivial boundary condition for the Dirac cone states, which several authors have shown can be gauged away-i.e., the boundary condition can be transformed into a regular continuity condition via the introduction of a matrixvalued gauge field [23, 24, 33, 44] .
For m = 0, the case we are primarily interested in, the disclination is physical and cannot be gauged away [33] . The disclination consists of neighboring sites of the same sublattice, which is strongly reminiscent of valley Hall domain walls and hence indicates that valley Halllike topological edge states should exist along the disclination. (But unlike a valley Hall domain wall, which is only allowed to form a loop or terminate at exterior lattice edges, the disclination can terminate at a point in the bulk, at the position of the topological defect.) In Appendix A, we present a theoretical analysis of the Dirac cone states in the continuum limit, showing that they indeed experience a valley Hall-like domain wall at the disclination-i.e., each valley sees a change in sign of the Dirac mass across the disclination. To confirm the existence of edge states bound to disclinations, we performed experiments on VPC with dielectric pillars. The pillars are sandwiched between parallel metal plates, and the experiments are performed in the microwave regime. Details of the setup are given in Appendix B.
In the first set of experiments, we designed and fabricated VPC with a single pentagonal TD at the center, as shown in Fig. 2 (a) and (e). To create these patterns, we start with a 2π/5 or 2π/7 sector, populate it with an unoptimized triangular lattice, and close-pack those lattice sites using the molecular dynamics simulator LAMMPS [45] . The other sectors are then determined by five-or seven-fold rotational symmetry, yielding a lattice centered on a TD. The honeycomb-like dual lattice is generated by interpreting the triangular lattice sites as the incenters of the honeycomb motifs [46] .
The lattice sites are "colored" by assigning them to sublattice A or B, corresponding to pillar radius r a or r b respectively (see Appendix B). Wherever possible, neighboring sites are assigned to opposite sublattices, but this cannot be achieved everywhere: there is always a disclination-a string of lattice edges joining neighboring sites of the same sublattice-emanating from the topological defect. By changing the lattice coloring, we can vary the path of the disclination, including making it turn sharp corners. The top and bottom rows of Fig. 2 show results for two different disclination choices. To study the qualitative features of these lattice configurations, we calculate the energy spectrum of the corresponding tight-binding models. Fig. 2 (b) and (f) show results for the two different disclinations, with nearest neighbor hopping t = 1 and on-site mass m A = 1/2 and m B = −1/2 for the A and B sublattices. For these parameters (which are chosen for convenience, not to fit experiments), the equivalent honeycomb lattice has a bulk band gap at m B < E < m A . The numerical results show that the lattices with a TD have eigenstates in the band gap. As shown in the insets of Fig. 2 . We observe that the light emitted by the dipole is guided along the disclination, including around a sharp corner in the case of Fig. 2(g) .
In Fig. 2(d) and (h), we plot the experimentally measured frequency dependence of the local field intensities averaged over different regions of the lattice. In the frequency range of the bulk band gap, there is a clear intensity dip when the sampling region lies away from the disclination, but no dip when the sampling region lies over the disclination.
For comparison, we also investigated a "photonic graphene" lattice in which every pillar has the same radius (i.e., sublattice symmetry is unbroken). According to previous theoretical studies,TDs in such lattices should not create localized resonances [24, 33, 44] , and due to the lack of sublattice symmetry breaking there is no disclination on which edge states can appear. This is consistent with our experimental findings, which are summarized in Appendix C. Each waveguide runs between two TDs along a path that is (a) straight, (b) curved, or (c) sharply bent. A 6.98 GHz dipole source is placed near one of the TDs (yellow star). The heat map colors correspond to log |Ez| 2 (a logarithmic scale is used so that the intensities in the non-topological case are more visible), with all three plots normalized to the maximum intensity along the straight waveguide (a). (d)-(f) Simulated field distributions of log |Ez| 2 for non-topological waveguides generated by removing pillars from a lattice that does not contain TDs. A 6.98 GHz dipole source is placed near one end of the waveguide (yellow star). All three plots are normalized to the maximum intensity along the straight waveguide (d). In all subplots, the structure parameters are as stated in Appendix B.
III. WAVEGUIDING WITH TOPOLOGICAL AND NON-TOPOLOGICAL DEFECTS
The lattices studied in the previous section have a relatively simple arrangement, with five-or seven-fold rotational symmetry around a central TD. In this section, we study more complex VPC with TDs hosting freeform topological waveguides.
To investigate this empirically, we implemented several large-scale VPCs hosting topological and non-topological waveguides. As shown in Fig. 3, each waveguide forms an open arc following a straight path, a curved path, or a curved path containing a sharp bend. Each topological waveguide runs along a disclination connecting a pentagonal and a heptagonal TD; the lattice generation procedure is similar to the one previously described (i.e., generation of an unoptimized lattice containing the de- sired topological defects, close packing, conversion to a dual honeycomb-like lattice, and lattice coloring). The parameters of the VPCs are the same as before (see Appendix B). Figure 3 (a)-(c) shows simulated field distributions produced by a dipole source placed at one TD. For all three configurations, we observe a roughly uniform intensity distribution along the entire open arc of the waveguide. The waveguides can thus be regarded as 1D Fabry-Pérot-like optical cavities, with the topological defects serving as end mirrors (i.e., the waveguide modes experience complete inter-valley scattering and back-reflection at these points). The uniformity of the intensity distribution indicates that there is negligible Anderson localization, as well as negligible backscattering at the sharp bend in the case of Fig. 3(c) .
For comparison, we also implemented a set of conventional (non-topological) waveguides in similar photonic lattices. The lattices have the same bulk parameters as before (i.e., the same pillar radii and mean inter-pillar spacings), but lack topological defects. The waveguides do not run along disclinations, but are instead formed by the selective removal of pillars along a desired route. In a perfectly crystalline lattice, photonic bandstructure calculations show that the pillar removal procedure creates a band of defect modes in the frequency range 6.77 GHz-7.05 GHz, close to the center of the bulk band gap (these are not topological modes, so they do not span the gap). Simulations show that the defect modes transmit efficiently when the waveguide follows a straight line [ Fig. 3(d) ], but suffer from localization when the route is curved [ Fig. 3(e) ]. They are also unable to guide light efficiently around sharp corners [ Fig. 3(f) ].
We experimentally implemented these six photonic structures, and measured the transmission between the two TDs of the waveguides. The results are shown in Fig. 4 . For the topological waveguides, the three routes (straight, curved, and sharply bent) all produce similar transmission characteristics at frequencies close to the center of the bulk band gap. The operating frequency bandwidth appears to be somewhat narrower than the full width of the bulk band gap as predicted from simulations, possibly due to intrinsic losses in the ceramic material as well as input and output impedances. For the conventional waveguides, the bent and curved routes transmit markedly less efficiently, with transmittances around 20 dB lower than the straight conventional waveguide, and 25-30 dB lower than the topological waveguides.
We also performed field-mapping experiments on a curved topological waveguide [ Fig. 5 (a)-(b)]. As shown in Fig. 5(a) , strong field intensities are observed along the entire length of the waveguide, consistent with the behavior in simulations (Fig. 3 ). In these experiments, there is a 1 mm air gap between the moving top plate and the pillars, which causes a small frequency shift in the band structure. The shifted bulk band gap is estimated to be 7.36-8.04 GHz (see Appendix B).
To further probe the nature of the waveguide modes, we studied another sample in which the curved topological waveguide terminates at an external boundary lined with microwave-absorbing foam, rather than a TD. Due to the suppressed back-reflection, this waveguide should only contain waves traveling in one direction, away from the source. The experimental field intensity map is shown in Fig. 5(c) . We then measured the dwell time at different positions along the waveguide [47] . The dwell time is defined as dϕ/dω, where ϕ is the phase of the mea- sured field and ω is the angular frequency. To estimate the derivative, we approximate the derivative using a finite frequency spacing df = 0.002 GHz. For each data point, we use a total of 61 dwell time estimates, centered around the frequency 7.6 GHz close to the center of the gap. The resulting mean (and standard error of the mean) are plotted in Fig. 5(d) . We find that the dwell time scales linearly with distance (arc length) along the curved waveguide, consistent with the expectation that the edge states propagate ballistically.
IV. DISCUSSION
We have demonstrated that TDs-induced disclinations in VPCs enable a novel scheme for implementing complex large-scale photonic structures, by placing TDs at the desired end-points and adjusting the disclinations to follow the desired waveguide routes. The waveguides enjoy much greater resistance to backscattering than freeform waveguides in amorphous photonic lattices designed without topological principles [39, 40] . Though originally implemented at microwave frequencies, our alldielectric design can be straightforwardly scaled to higher frequencies, as demonstrated by the recent implementation of VPCs in the optical regime [7] . From a fundamental point of view, we have demonstrated a new interplay between the real-space topology of a lattice and the momentum-space topology of Bloch wavefunctions, which is different from the previously-known topological bulk-edge correspondence principle. This phenomenon makes the presence of TDs in 2D honeycomb lattices, previously a relatively subtle effect, now easily observable. In future work, it will be interesting to investigate TDs and disclinations in other types of topological photonic lattices, such as higher-order topological insulators [48] , as well as experimentally accessing other phenomena associated with TDs such as anomalous Aharanov-Bohm effects and localized zero modes [23-28, 33, 44, 49-52] .
Appendix A: Effects of Topological Lattice Defects on Dirac Cone States
In this Appendix, we describe the continuum limit for 2D honeycomb lattices containing topological defects, and the role of the disclinations attached to those defects.
We begin with a perfect honeycomb lattice without topological defects. Let |K ± , A/B denote a set of Dirac point states, where ± is the valley index and A/B is the sublattice index. As shown in Fig. 6 (a)-(d), these states can be defined so that the amplitudes on the lattice sites are {1, η, η * }, where η ≡ exp(2πi/3), with each Dirac point state occupying a single sublattice, A or B. Note that the two states in each valley have opposite chirality. The basis wavefunctions, Ψ ±A/B (r) ≡ r|K ± , A/B , obey the time-reversal relation
Microscopic wavefunctions can be expressed as
where the ψ sµ (r)'s are slowly-varying envelope functions. These form a four-component spinor field ψ(r) that is governed by a 2D Dirac equation H 0 ψ(r) = ψ(r), where
Here v is the Dirac velocity, τ i (σ i ) denote valley (sublattice) Pauli matrices, m is the sublattice detuning, and is the eigenfrequency or eigenenergy. Next, we introduce a topological defect, e.g. by deleting the π/3 sector marked in gray in Fig. 6(a)-(d) . We can use the same pattern of site amplitudes as before to define a set of basis functions for the altered lattice [24, 44] . Then Eq. (A2) still applies, but the Dirac equation governing ψ(r) may be changed. There are two distinct modifications to account for: (i) the lattice is spatially distorted in order to join up the seams of the deleted (or inserted) sector, which alters the effective Hamiltonian; (ii) the wavefunctions must satisfy some boundary condition along the disclination.
We consider these two issues in turn. The distortion of the lattice can be modeled as a local frame rotation, which manifests in the effective Hamiltonian as follows:
where Θ(r) is a position-dependent frame rotation angle.
The lattice strain may also introduce other changes to H, such as additional synthetic gauge fields, which we shall neglect. The frame rotation angle is discontinous across the disclination, with
where ± applies to a pentagonal (heptagonal) defect. Next, we determine the boundary conditions along the disclination. An examination of Fig. 6 
where the (−) and (+) superscripts respectively indicate the clockwise and counterclockwise sides of the seams. However, these coefficients are specific to this choice of defect position; the more general form of the disclination boundary condition is
where
with e i(α−β) = η(η * ) for a pentagonal (heptagonal) defect [33] . Note that this holds even if the disclination is not straight. The form of W is constrained by the timereversal condition (A1), and by the fact that crossing the disclination swaps valley and sublattice indices, leaving the chirality unchanged. The boundary condition for the envelope functions is
where W is the matrix defined in Eq. (A7). This can be deduced from Eqs. (A2) and (A6), by requiring that the microscopic wavefunction ϕ(r) be continuous across the disclination [23, 24, 44] .
Note that upon defining
the transformed fieldψ obeys Eq. (A4) with
As discussed in Section II, the position of the disclination has no physical effects for m = 0. To see this, consider the scenario shown in Fig. 6(d) . Let ψ(r) be a solution in which Eqs. (A5) and (A8) hold along a disclination C 1 . If we want to move the disclination to C 2 , let D be the area bounded between C 1 and C 2 , and let
Then,
Hence, the condition (A8) has shifted from C 1 to C 2 . Likewise, we can use Eq. (A9) to show that Θ now obeys Eq. (A5) along C 2 and is continuous along C 1 . The model also points to the existence of topological edge states along the disclination when m = 0. Near the disclination, and sufficiently far from the topological defect, we can apply the transformation (A6) to one side of the string; this switches the sign of m on that side, while making the wavefunctions and frame rotation angles continuous along the disclination. This is locally equivalent to having two decoupled valleys with opposite signs of m on opposite sides of the disclination.
Appendix B: Design of the Photonic Lattice
The valley hall lattices are implemented experimentally using ceramic pillars of refractive index n = 2.915, arranged in the space between parallel metal plates [ Fig. 7(a) ]. Since the experiment occurs in the microwave regime, the top and bottom plates act as perfect electrical conductors. The pillars are placed in a honeycomb-like lattice, have have radii r a = 2.35 mm and r b = 3.15 mm for the two sublattices. As the lattice is amorphous, there is a distribution of pillar separations; the lattice is scaled so the mean next nearest neighbor distance (roughly speaking, the lattice constant of the equivalent honeycomb lattice) is a = 13.7 mm. All pillars have height h 1 = 10 mm.
For the static transmission measurements of Fig. 4 , we set h 1 = h 2 = 10 mm (i.e., the plates directly touch the pillars). Calculations on the equivalent 3D photonic crystal (i.e., an infinite perfectly crystalline lattice with the same structural parameters) show that the band structure is almost identical to that of a 2D lattice (like in the simulations of Fig. 3) , with band gap at 6. 45-7.35 GHz. For the field-mapping experiments (Figs. 2 and 5 ), we take h 2 = 11 mm (i.e., there is a 1 mm air gap to avoid direct mechanical contact between the moving top plate and the pillars). The air gap induces a slight frequency shift relative to the 2D band structure. Fig. 7(b) plots the in-plane band structure of the equivalent crystal lattice with lattice constant a = 13.7 mm. If the pillars on both sublattices have radius r a , there are two Dirac points at 8.36 GHz at the corners of the hexagonal Brillouin zone. If the pillars on the two sublattices have radii r a and r b , the band gap occurs at 7.36-8.04 GHz.
Appendix C: TDs in Photonic Graphene
We fabricated an experimental sample based on an "photonic graphene" with a pentagonal TD in the center [ Fig. 8(a) ], i.e all pillars having equal radius r a . To help understand the qualitative implications of this lattice geometry, Fig. 8(b) plots the energy spectrum of a tight-binding model based on this lattice, with nearest neighbor hopping t = 1 and on-site mass m = 0. As expected, there is no band gap. We examined the individual eigenstates and found none that are strongly localized at the TD; the intensity distribution of a typical eigenstate (with energy E = −0.065) is shown in the inset to Fig. 8(b) . This is consistent with previous theoretical analyses of topological defects in graphene [24, 33, 44] , which showed that such defects act upon Dirac cone states like a gauge field rather than a confining potential. Fig. 8 (c) plots the measured field intensity map with a dipole source (oriented perpendicular to the plane) placed at the TD. The source frequency is 8.39 GHz, close to the predicted Dirac frequency of 8.36 GHz [see Fig. 7(b) ]. Unlike the VPCs shown in Fig. 2 in manuscript, no waveguiding is observed due to the lack of a disclination. The frequency dependence of the field intensity, plotted in Fig. 8(d) , shows no apparent resonance associated with the topological defect.
Rüegg and Lin have found that if T is broken, topological defects in such lattices can generate localized bound states [33] . Interestingly, such bound states are tied to the Chern number of the surrounding lattice and are robust against perturbations. In future work, photonic lattices could be used to to realize this theoretical prediction, either using magneto-optic materials to directly break T, or using three-dimensional structures in which an axial direction serves as an effective time [1] . There is no eigenstate localized at the topological defect. Inset: mode intensity for the eigenstate with energy closest to zero (E = 0.027). (c) Experimentally measured distribution of the field intensity, |Ez| 2 , with a 8.39 GHz dipole source placed at the center of the sample (yellow star). (d) Frequency dependence of the field intensities averaged within two regions of the lattice, surrounding the topological defect (orange dots) and away from the defect (purple dots). These regions are respectively indicated by the solid and dashed circles in (c). Vertical dashes mark the Dirac frequency of the photonic crystal.
